We present a simple proof that self-avoiding fermionic strings solutions solve formally (in a Quantum Mechanical Framework) the QCD(U (N c )) Loop Wave Equation written in terms of random loops.
Introduction
We aim, in this paper, to present a formal interacting string solution for the MigdalMakeenko Loop Wave Equation for the colour group (U(N c )) (Ref. [1] and references therein).
Our main tool to solve the Migdal-Makeenko Loop Wave Equation is based on the remark made in the Section 1 of this note, where we address the problem of solving critical string wave equations by string functional integral by applying simple rules of the operatorial calculus of Quantum Mechanics. We thus apply the results of Section 1 to present a string functional integral solution for the Migdal-Makeenko Loop Wave Equation for the colour group U(N c ).
The critical area-diffusion string wave equations
Let us start this section by briefly reviewing our general procedure to write diffusion string wave equations for bosonic non-critical strings 2 . The first step is by considering the following fixed area string propagator in 2D induced quantum gravity string quantization framework.
× exp(−I 0 (g ab , X µ , µ 2 = 0)).
Here the string surface parameter domain is taken to be the rectangle D = {(σ, τ ).−π ≤ σ ≤ π, all cylindrical string world sheets without holes and handles with the initial and final string configurations as unique non-trivial boundaries: i.e. X µ (c, 0) = C in . X µ (σ, T ) = C out .
In order to write an area diffusion wave equation for Eq. (1), we exploit an identity which relates its area variation (the Mandelstam area derivative for strings) to functional variations on the conformal factor measure when one fixes the string diffeomorphism group in Eq. (1) by imposing the conformal gauge g ab (σ, τ ) = ρ(σ, τ )δ ab (see Refs. [1] , [2] ). This procedure yields, thus, the following area diffusion string Euclidean wave equation
At this point a subtle difficulty appears when the theory described by Eq. (1) is at its critical dimension D = 26 since the conformal field ρ(σ, τ ) decouples from the theory, making it subtle to implement the fixed area constraint in Eq. (1) . It is instructive to point out that for a cylinder surface without holes and handles with non trivial boundaries, the argument that the fixed area constraint is simply fixing the modulus λ of the (torus) conformal gauge
2 ) is insufficient to cover the case of "string creation" from the vacuum as we will need in Section 2. This is because in this case λ = 0 and the string world sheet still has a non-zero area. Note that the topology of this string world sheet creation process is now a hemisphere which again makes impossible the use of the modulus λ as an area parameter.
However, it makes sense to consider the limit of the parameter D = 26 directly in our string diffusion Eq. (2) which reproduces the usual critical string wave equations (Eq. (2) with D = 26 and ρ(σ, τ ) = 1).
In this short section we intend to show that the following critical string propagator:
where the intrinsic string time parameter A is identified with the area diffusion variable, satisfies the string critical diffusion wave equation.
To show this simple result we evaluate the A-derivative of Eq. (3) by means of Leibnitz's
where the surface average s is defined by bosonic path-integral in Eq. (3).
In order to translate the path integral relation Eq. (4) into a operator statement, we use the usual Heisenberg Commutation Relations for two-dimensional (2D) free fields on D (with the Bidimensional Plänck constant = Regge slope parameter set to the value one)
and its associated Schrödinger representation for τ = A (that are the quantum mechanial definition of the lopp derivatives operators ( [1] ).
After substituting Eqs. (6)-(7) into Eq. (4) we obtain the desired result
Let us point out that general string wave functionals (the Schrödinger representation for the theory's quantum states) may be formally expanded in terms of the eigenfunctions of the quantum string Hamiltonian (the string wave operator in Eq. (8))
The functionals endowed with the (formal) inner product given by
constitute a Hilbert space where the string Laplacian −∆ c is formally a Hermitean operator.
It is worth remarking that an explicit expression for the Green's Function
of the string Laplacean in terms of the cylindrical string propagator Eq. (3) may be easily obtained.
In order to deduce this expression we integrate both sides of Eq. (8) with respect to the A-variable. Considering now the Asymptotic Behaviors
we obtain the relationship
leading thus to the following identiy 
The Quantum Wilson Loop is given by 
The notation is as follows: the string vector position is described by the 2D-fields X µ (σ, ζ)
with the Dirichlet boundary condition X µ (σ, A) = C X(−π),X(π) ; i.e., the surface S = {X µ (σ, ζ),
surface orientation tensor where it is defined is given by Associated to the non-linear string's theory Eq. (18) we consider the following Fermionic propagator for a fixed string world sheet
The basic idea of our string solution for QCD(U(N c )) is a technical improvement of Ref.
[1] and consists in showing that the surface averaged propagator Eq. (19)
when integrated with respect to the A-parameter as in Eq. (15) The surface average , is defined by the free bosonic action piece of Eq. (18) as in Section 1. In this context we consider G kℓ (C X(−π)X(π) , A) as the non-linear string propagator describing the "creation" of the Loop C X(−π)X(π) = C out from the string vacuum, which is represented here by a "collapsed" point -like string initial configuration C in ≡ (x) (x denotes an arbitrary point of the surface which may be considered as such initial string configuration).
Let us thus, evaluate the
The free Bosonic term in the right-hand side of Eq. (20) leads to the string Laplacean as in Eq. (4) of Section 1. The free Fermion term
vanishes as a consequence of our imposed vanished energy -momentum tensor boundary conditions on the intrinsic Fermion field. The evaluation of the boundary limit on β-term requires explicitly that the surface {X µ (σ, τ )} does not possesses self-intersections of the type
The result of this boundary limit evaluation is given explicitly by the expression below (Ref.
[1] -Appendix B)
Note that either crucial result below:
since our orientation tensor strings world-sheet {X(ξ, τ )} is such that for ξ = ξ ′ and ζ, ζ
µ (ξ) possesses solely simple isolated self-intersections points ("eights" loops) where the non-trivial tangent lines at theses self-intersect points are supposed to be always orthogonal to each other: T µν (X(ξ, ζ))T µν (X(ξ ′ , ζ)) ≡ 0 as a remnant of the Fermion Exclusion Pauli Principle still acting for these bosonic pieces C µ (ξ) of the full fermionic "quark trajectores").
and its unity normalization condition
By imposing the identification g 2 N c = β between the QCD(U(N c )) gauge coupling constant and our non linear stgring theory described by Eq. 
The above equation is the main result of this note and generalizes to the case of U(N c ) colour group our previous studies made for the T'Hooft limit of Ref. [1] .
Finally we remark that by considering an ultra-violet cut-off on the space-time, ∆X µ (σ, τ ) ≥ 1/Λ, our proposed self-avoiding string theory Eq. (18) in the case of non dynamical 2D-Fermions ( (ψ kψk = µ = constant) produces the extrinsic string with the topological invariant of string world-sheet self-intersection number as an effective string theory for the proposed QCD string as conjectured in the first Ref. [5] (see Ref. [6] for this study and the enclosed appendix).
Finally it is worth re-write eq. (19) in a form where appears an interaction with an external white-noise Gaussian auxiliary anti-symetric tensor field as suggested in ref. [1] . Namely:
with the dynamical string world-sheet current
APPENDIX A
A reduced covariant string model for the extrinsic string
Our aim in this appendix is very modest: we write a covariant action for the elastic string and quantize in the Polyakov's path integral framework a truncated version of the covariant writen theory.
Let us start our study by considering the classical action for the elastic string in the conformal gauge.
The string surface is described by X = X(z), where X is the surface vector position in D Euclidean dimensionas; z a (a = 1, 2) are the coordinates of the world sheet. The first term in eq.
(1) is the Nambu term with the string tension equal to 1/2πα. The second term is the square of the extrinsic curvature with the rigidity coupling constant denoted by γ (γ = lim Let us consider a covariant version of action eq. (1) by promoting ρ(z) = g ab (z) to be a dynamical field. This procedure yields the following action
Here g(z) = Det(g ab (z)) and
) is the Laplace-Beltrami operator associated to the intrinsic metric g ab (z).
In the Polyakov's path integral quantization effective framework the partition functional for the theory eq. (1) should be given by
where the functional measures are the De-witt covariant functional measures ( [1] ).
Let us suppose that the constraint field in approximated by the intrinsic metric λ ab (z) = λ g ab (z). (The covariant version of the usual mean field approximation λ ab (z) = i λ δ ab with λ a positive fixed value). As a consequence of this hypothesis we get the truncated theory
where the truncated action theory is written as
For the evaluation of the X-functional integral in eq. (4) we consider the non-local variable change
Here −i(∆ g ) −1/2 is a well defined self-adjoint (pseudo-differential) operator. The truncated action takes the following form similar to a massive scalar field in the z domain:
. (6) The change in the (covariant) functional measure
is given by
The main step in our calculation is to define the above written functional determinant as Det −D/2 (−∆ g ). By choosing the conformal gauge g ab = e ϕ δ ab and evaluating the covariant
Gaussian ϑ-functional integral we obtain the partial result ([1])
where We analyze now the unrenormalized functional determinant
By defining it by a propertime prescription we obtain the counterterms of the above written action. Explicitly
Now it is well known that the counterterms of S EF F [ϕ] are determined by the asymptotic expansion of the diagonal part of massive Laplace-Beltrami operator which is tabulated
By substituting eq. (10) in to eq. (9) we get straightforwardly the following counterterms associated to the two-dimensional intrinsic "mass" λ /γ
So, on the basis of the counter term eq. (11) we have the following renormalization law for the inverse of the rigidity β = 1/γ (by choosing λ = 1)
Eq. (12) yields the intrinsic two-dimensional momentum dependence of the running coupling constant β.
It is instructive point out the D/2 factor in eq. (13) which appears in a natural way in our calculations.
Since it is naively expected that the string perturbative phase p 2 -small (p ∈ R 2 ) would corresponds to the underlying QCD field theory at its non-perturbative phase
one can see that eq. (13) suggests a natural explanation from the QCD's String Representation for the "strange" QCD field theory description of the asymptotic behavior for the coupling constant at large N c , namely
As a general conclusion, one can see that still exists a great deal of not completely understood phenomena in QCD out of non-analytical field theoretic continuum aproaches-lattice approximations.
APPENDIX B
The Loop Space Program in the bosonic λφ 
where Φ a (x) denotes a N-component real scalar O(N) field, (µ 0 , λ 0 ) the (bare) mass and coupling parameters and the Gaussian functional measure in eq. (1) is
Now, in order to get an effective expression for the functional integrand eq.(2), where we can evaluate the Φ a functional integrations, we write the intersection λφ 4 term in the following form
where σ(x) is an auxiliary scalar field and the σ functional measure in eq. (3) is given by
with covariance
The last result alows us to consider the δ(x) field as a random gaussian potential with noise's strenght λ 0 2 · After substitution of eq.(4) into eq.(2), we can evaluate explicitly the Φ-functional integrations since they are of gaussian type. We, thus, get the result
At this point of our study we implement the main idea: by following Symanzik's analysis, we express the σ-functionals integrands in eq. (6) as functional defined on the Feynman-KacWiener space of Random paths by making use of the well known random path representation for the non-relativistic euclidean propagator of a particle of mass µ 0 in the presence of the external random guassian potential σ(x):
log Det(−∆ + µ
where the non-relativistic propagator is given by
with the Feynman-Kac-Wiener path measure dµ w
ane the (random) world-line currents defined by
So, we obtain the proposed reformulation of λφ 4 O(N)-theory as a theory of random paths
xy (α) in the presence of a random gaussian potential
We shall use the random path formulation eq.(12) to analyse the correlation functions of the λφ 4 theory. As a useful remark, we note by using eq.(12) that the general k-point (bare) correlation function possesses the general structure
where the quantum averages Φ in eq. (13) (see eq. (1) with J a (x) ≡ 0).
Because of this result, we have solely to study the properties of the 2-point correlation
Let us evaluate the σ-functional averages σ in eq.(14) (see eq.(4) and eq. (5)). For this task we expand the "close path term" in powers of N. Explicitly
and since the σ-average in eq. (15) is of the gaussian type we can perform it exactly. The result reads:
The above expression is the two-point correlation function of the λΦ 4 − O(N)-theory expressed as a system of interacting random paths with a repulsive self-interaction at these points where they crosses themselves.
Now we can offer a topological explanation for the theory triviality phenomenon for D > 4.
At first, we note that the correlation function eq.(17) will differ from the free one, namely 
where a negative Hausdorff dimension means no (generical) intersection or equivalently the set A ∩ B is empty.
As is well know the Hausdorff dimension of the random paths in eq. (16) Hausdorff dimension of the QCD string world-sheet is two, so allowing one applies all concepts of classical smooth Differential Topology and Geometry. If all these results turn out to be rigorous, one can see that our self-avoiding fermionic string representation gives a "proof" that QCD(U(N c )) should be expected to be a trivial quantum field theory (with on infrared cut off!) for space-times dimension greater than four.
Finally, we should remark that our proposal for string representations in QCD has no appar- It appears interesting to remark that these Kaluza-Klein string representatoins for N = 4
